In this paper, we study forms of the uncertainty principle suggested by problems in control theory. First, we prove an analogue of the Paneah-Logvinenko-Sereda Theorem characterizing sets which satisfy the Geometric Control Condition (GCC). This result is applied to get a uniqueness result for functions with spectrum contained in sufficiently flat sets. One corollary is that a function with spectrum in a annulus of a given thickness can be bounded, in L 2 -norm, from above by its restriction to any open GCC set, independent of the radius of the annulus. This result is applied to the energy decay rates for damped fractional wave equations.
Introduction
The goal of this paper is to investigate versions of the uncertainty principle suggested by control theory for PDEs. There is a long history of the relationship between these two fields beginning with Riesz sequence problems for non-harmonic Fourier series and their application to both wave and heat equations by the so-called "moment method" of D. L. Russell [1, 12, 27] . More recently, inequalities of the uncertainty principle type have found application to control theory on unbounded domains [7, 8, 18] and compact Riemannian manifolds of negative curvature, the latter being connected to the fractal uncertainty principle of Bourgain and Dyatlov [4, 6, 9, 14, 15] . where H k denotes the k-dimensional Hausdorff measure (which is just the k-dimensional Lebesgue measure on the k-dimensional plane containing Q). We say that E satisfies the k-GCC if it satisfies the kdimensional (ℓ, γ)-GCC for some ℓ > 0 and γ.
The GCC arises in the study of control theory for hyperbolic equations in the work of Bardos, Lebeau, Rauch, Taylor and Phillips [2, 26] . Given a Laplacian, an open set ω satisifies the GCC if for some T > 0, the Hamiltonian flow always intersects [0, T ] × ω. Choosing the Laplacian to be −∆ on R d , and removing the regularity condition, this simplifies to the above condition with k = 1.
On the other hand, when k = d, we recover the definition of relatively dense, or thick, sets which are characterized by the Paneah-Logvinenko-Sereda (PLS) theorem [17, 19, 23] as sets E for which
Here spec(f ) denotes the support of the Fourier transform of f and Q is a d-dimensional cube of fixed side length.
Our first main result is a direct analogue of the PLS theorem for any k ∈ {1, . . . , d}, characterizing sets which (up to modification by sets of m d -measure zero) satisfy the k-GCC as those for which (1.1) holds whenever spec(f ) is contained in a (d − k)-dimensional "strip." To precisely state the result, we need to introduce some additional notation.
For a set
The constant C in Theorem 1 will take the form
The proof of Theorem 1 is a modification of the proof of the aforementioned PLS theorem given by Kovrijkine [17] , where it is shown (in the case k = d) that the form of constant we obtain is sharp (up to the value of C 0 ).
Provided that one handles sets of measure zero appropriately, the k-GCC condition is necessary for the conclusion to hold, see Proposition 7 below.
We will use Theorem 1 to derive quantitative uniqueness properties for functions with spectrum contained in more complicated sets. Our general result in this regard is
(2) E satisfies the k-dimensional (ℓ, γ)-GCC,
In contrast with Theorem 1, observe that in the conclusion of Theorem 2, we only control the L 2 -norm of f by its norm on a δ-neighbourhood of a k-GCC set. In the generality that Theorem 2 is stated, one cannot expect R and C to be bounded independently of δ. This can be seen as a direct consequence of the sharpness of the classical Ingham inequality for non-harmonic trigonometric series [11, 13] .
Inspecting the proof, we will show that Theorem 2 holds with C and R both taking the form
In our application, we will apply Theorem 2 with Γ being dilations of the sphere (Γ = RS d−1 ) in the following form. 
For any particular R, one can derive this (either from Theorem 1 or the usual PLS Theorem) by placing the annulus { |ξ| − R ≤ β} = U β (RS d−1 ) inside a ball of radius R + β, but we emphasize that the inequality (1.2) holds independent of R. We pose the question of whether one can remove the δ neighborhood (see Question 5 below). This result on annuli follows from a more general application of Theorem 2, showing that Corollary 3 relies only on the compactness and smoothness of the sphere.
Suppose that E satisfies the k-GCC. Then for any δ > 0 and β > 0, there is a constant C > 0 such that for every R > 0,
In fact, one can derive the conclusion of Corollary 4 for sets Σ which are vanishing k-Reifenberg flat, meaning that for every κ > 0, there exists r 0 > 0 such that β d−k (Σ ∩ B(x, r)) ≤ κr for every x ∈ Σ and r ∈ (0, r 0 ]. There are κ-Reifenberg flat snowflakes.
1.1. Application to the decay of damped wave equations. Fix s > 0 and a damping function γ :
We consider the fractional damped wave equation recently introduced by Malhi and Stanislavova in [21] .
The damping force is represented by γw t and the fractional Laplacian is defined, for r ∈ R by
Herein, we study the decay rate of the energy of w, defined by
Standard analysis shows that if γ = 0, then the energy is conserved, i.e. there is no decay. On the other hand, for constant damping γ = c > 0, it can be shown that E(t) decays exponentially.
The classical case of s = 2 has been well-studied on bounded domains in the pioneering works of Bardos, Lebeau, Rauch, Taylor, and Phillips [2, 26] . Recently, Burq and Joly have extended these results to R d [5] . The methods in these works are that of microlocal and semiclassical analysis for which we refer to the book of Zworski [28] . These techniques, which allow one to handle very general Laplacians, impose regularity constraints on the damping coefficient γ. We note two recent works which, in one dimension, utilize Fourier analysis to prove exponential decay for rough damping [8, 20] .
Building upon the semi-group approach taken by Malhi and Stanislavova [21] , the work of the first author in [8] connects this problem of exponential decay to the PLS Theorem, specifically a version due to O. Kovrijkine [17] , which may be viewed as (a sharper form of) Corollary 4 with Σ being a finite set of points. The proof in [17] uses the Turàn Lemma [22] , and, in contrast to Corollary 4, does not require that one take a neighborhood of the GCC set. We wonder if this is the case in higher dimensions, and we specifically pose the following question, regarding the case of a sphere.
Using the results of the previous section, particularly Corollary 4, we will prove a resolvent estimate (Proposition 11 below) for the fractional Laplacian, which then, using the strategy in [8] , yields the following decay rates: Theorem 6. Suppose γ is a non-negative, bounded, uniformly continuous function. There exists L > 0 and c > 0 such that
for all t > 0.
We reiterate that, in the case s = 2, Theorem 6 was proved by Burq and Joly [5] using semiclassical analysis. Our main goal here was to show how such results follow directly from uncertainty principles. Burq-Joly pose the question of whether the result can be proved without the assumption of uniform continuity. This would follow from a positive answer to Question 5.
Proof of Theorem 1
Without loss of generality, we may assume that a best approximating plane for β d−k (spec(f )) is the plane R d−k . Theorem 1 therefore follows from the following more precise proposition.
The following two conditions are equivalent:
(1) There exist ℓ > 0 and γ > 0 such that for m d−k -almost every
Moreover, in the direction (1) =⇒ (2) we will prove that the constant C takes the form
for a constant C 2 depending on k.
Proof. We first shall prove (2) =⇒ (1). The proof in this direction follows an idea of Paneah [23] as presented Havin and Joricke's book [10] . Fix p ∈ (1, ∞) .
, h ≥ 0 and h 1 = 1. Then, by Tonelli's theorem,
Insofar as the space L p (R k ) is separable, we therefore find that, for
Fix any g ∈ F (it is clearly a non-empty set). Then there exists M > 0 such that
along with ℓ > 0 such that
Taking into account the fact that for every z ′ ∈ R k , g(· − z ′ ) ∈ F , we therefore get that, for m d−k -almost every
Therefore (1) holds.
(1) =⇒ (2). We may assume that ℓ = 1 by replacing β by βℓ and γ by γ/ℓ ∈ (0, 1). By modifying the set E by a set of R d measure zero (which does not change the integral in (2)), we may assume that the condition in (1) holds for every x ′ ∈ R d−k .
Suppose f L p (R d ) = 1. We also may assume without loss of generality that f ∈ S(R d ).
Choose ψ 0 ∈ S(R k ) with ψ ≡ 1 on [−1, 1] k and spec(ψ 0 ) ⊂ [−2, 2] k . Put ψ = ψ 0 (·/β). We first claim that we have f = f * k ψ, where * k denotes a convolution in the first k variables. To see this, for ξ ∈ R k
Fix A > C 0 to be chosen momentarily. We split R k into cubes of length 1. We call such a cube I good if
Observe that, insofar as there are at most (n + 1) k α ∈ Z k + with |α| = n I not good I
Therefore, if A is large enough in terms of C 0 (which fixes A in terms of k), then
Now fix a good cube I, and put Z = {t ∈ I : (t, x ′ ) ∈ E}. By assumption, m k (Z) ≥ γ. Since I is good,
and so by appealing to a standard Remez inequality for analytic functions (as in [17] , see also [14, 18] ),
where C(γ, βA) = (C 1 /γ) C 1 βA for C 1 = C 1 (k). Summing over good intervals, we infer that for every
Finally, integrating over
The right hand side is bounded by C(γ, βA) E |f | p dm d . Setting C 2 = AC 1 shows that we have found the desired form of constant.
Remark 8. It easily follows from the proof of the direction (2) =⇒ (1) of Proposition 7 that if E ⊂ R d is such that there exists β > 0, C > 0 such that
then any open neighborhood of E satisfies the k-GCC.
Proof of Theorems 2 and 4
Proof of Theorem 2. Fix k ∈ {1, . . . , d}, and β ≥ 1. As before, we may suppose that ℓ = 1.
Choose ξ ℓ to be a maximal 1/2-separated subset of Γ. Then we may cover U β (Γ) by cubes Q ℓ = Q(ξ ℓ , 2β) of sidelength 2β centred on ξ ℓ ∈ Γ.
Fix ψ ∈ C ∞ 0 (B(0, 1)) with R d ψdm d = 1 and | ψ(ξ)| 1 on Q(0, 2). 0, δ) ) so that ϕ = ψ(δ 0 · ). Then R d ψdm d = 1, | ϕ(ξ)| 1 on Q(0, 2β), and for any multi-index m ∈ N,
Fix ℓ fixed, consider the function
(3.1)
By assumption supp( g (1) ℓ ) is contained in the β-neighbourhood of a (d − k)-plane, and so Theorem 1, with A = C γ Cβ ,
. Whence, applying (3.1) twice, we infer that for every m ∈ N,
We next would like to sum this inequality over ℓ, using the fact that
Due to the support property of ϕ, we have that
and so
On the other hand, for any ξ ∈ R d , and for any k ≥ 1, there can be at most C2 kd R d of the β/2-separated points ξ ℓ in an annulus A k (ξ) := B(ξ, 2 k R)\B(ξ, 2 k−1 R) (crudely using that β ≥ 1). Therefore, Consequently, if we set m = d + 1, then
Combining (3.2) and (3.4 ) results in
If R is sufficiently large multiple of Aδ −d−1 0 , then the second term on the right hand side can be hidden in the left hand side, and we get
The proposition is proved.
Proof of Corollary 4. Fix δ > 0. Choose S large enough to be able to apply Proposition 2 with R replaced by S. Since Σ is a compact (d−k)-dimensional C 1 -manifold embedded in R d , we can find a function σ :
Then for any x ∈ RΣ,
provided that R is large enough. But then we apply Proposition 2 to conclude that the desired statement holds for sufficiently large R.
On the other hand, for small R, we can instead apply Theorem 1 by covering U β (RΣ) by a strip of width O Σ,β (R).
Decay Rates for Damped Wave Semigroups
Throughout this section, for a function f we set f := f L 2 (R d ) . For an operator A between two normed spaces, A denotes the operator norm.
We view the equation (1.3) as the following semigroup. Setting
The Sobolev space H r for r ∈ R is defined by the decay of the Fourier transform:
It is easy to verify that A 0 is skew adjoint. That W (t) = e tAγ is a strong semigroup of contractions follows by the standard theory [24] since A γ is closed with dense range, and for any U = (u 1 , u 2 ) ∈ H s × H s/2 ,
Notice that E(t) = e tAγ (w(0), w t (0)) H s/2 ×L 2 , so the energy decay rates in Theorem 6 can be rewritten as
Once we can establish
the decay rates will follow from the following two results from semigroup theory.
Theorem 9 (Gearhart-Pruss Test [25] ). Let e tA be a C 0 -semigroup in a Hilbert space and assume there exists M > 0 such that e tA ≤ M for all t ≥ 0. Then, there exists C, ω > 0 such that
For the polynomial decay, we use the following result from [3, Theorem 2.4]:
Theorem 10 (Borichev-Tomilov). Let e tA be a C 0 -semigroup on a Hilbert space. Assume there exists M > 0 such that e tA ≤ M for all t ≥ 0 and iR ⊂ ρ(A). Then for a fixed α > 0,
The main step in establishing (4.1) is the following resolvent estimate for the fractional Laplacian from sets which satisfy the Geometric Control Condition.
Proposition 11. Let E ⊂ R d satisfy the GCC and δ > 0. Then, there exists C > 0 such that
Proof. First, consider the annulus A µ = {ξ ∈ R d : |ξ| − µ ≤ 1} for µ ≥ 0. Appealing to Corollary 3, we find a constant C > 0 (independent of µ) such that
Now, define the Fourier restriction
Then, for λ ≥ 3 s , A λ ⊂ A λ 1/s so for any f ∈ L 2 (R d ),
Finally, using the fact that
which completes the proof.
To prove (4.1) one can follow the strategy from [8] which we briefly outline. First, the parallelogram identity and the positivity of (−∆ + 1) s/2 yields
from Proposition 11 with s replaced by s/2. To get the desired estimate (4.1), notice first that since γ is bounded, for any ε > 0
all line segments ℓ of length L. Thus, if γ satisfies (1.4), then for ε small enough, {γ ≥ ε} satisfies the GCC. Moreover, since γ is uniformly continuous, there exists δ > 0 such that |γ(y)| ≥ ε/2 for y in a δneighborhood of {γ ≥ ε}. Thus, taking E = {γ ≥ ε}, u 2 L 2 (U δ (E)) ≤ 2ε −1 γu 2 L 2 (R d ) .
Finally, using the triangle inequality and the fact that Consequently, if κ is small enough, then there exists c > 0 such that for every λ > 0, c u ≤ γu whenever spec(u) ⊂ A λ . Since this inequality does not see modulation, the conclusion also holds with A λ replaced by A λ + ξ for any ξ ∈ R d .
Next, we notice that inside A λ , one can fit a rectangle with side lengths c 0 κ × c 0 λ 1/2 × . . . × c 0 λ 1/2 for some constant c 0 > 0. Letting λ → ∞, we therefore see that c u ≤ γu whenever β d−1 (spec(u)) ≤ c 0 κ. But now, insofar as γ is bounded, we find ε > 0 such that c u ≤ χ {|γ|>2ε} u whenever β d−1 (spec(u)) ≤ c 0 κ. Employing Remark 8 (with β = c 0 κ), we see that the set {γ > ε} satisfies the 1-GCC, from which we conclude that γ satisfies (1.4).
